Spectral noncommutative geometry and quantization: a simple example 



Carlo Rovelli 



o\ ■ 
■ 

a^ : 

u ' 

<: 

m ■ 



> ■ 
o\ ; 

O ' 

o 

a\ . 

I ' 



X 
S3 



Centre de Physique Theorique, Luminy, F13288 Marseille, France 
Physics Department, University of Pittsburgh, Pittsburgh, Pa 15260, USA 

rovelli@cpt.umv-mrs.fr 
(February 7, 2008) 

We explore the relation between noncommutative geometry, in the spectral triple formulation, and 
quantum mechanics. To this aim, we consider a dynamical theory of a noncommutative geometry 
defined by a spectral triple, and study its quantization. In particular, we consider a simple model 
based on a finite dimensional spectral triple {A, H, D), which mimics certain aspects of the spectral 
formulation of general relativity. We find the physical phase space, F, which is the space of the 
onshell Dirac operators compatible with A and H . We define a natural symplectic structure over F 
and construct the corresponding quantum theory using a covariant canonical quantization approach. 
We show that the Connes distance between certain two states over the algebra A (two "spacetime 
points"), which is an arbitrary positive number in the classical noncommutative geometry, turns 
out to be discrete in the quantum theory, and we compute its spectrum. The quantum states of the 
noncommutative geometry form a Hilbert space K. D is promoted to an operator D on Ti. = H®K. 
The triple (^4, "H, D) can be viewed as the quantization of the family of the triples [A, H, D). 



I. WHY QUANTIZING A NONCOMMUTATIVE 
GEOMETRY 

The idea that the geometric structure of physical 
spacetime could be noncommutative exists in different 
versions. In some of versions, the noncommutativity of 
geometry is viewed as a direct effect of quantum mechan- 
ics, which disappears in the limit in which we consider 
processes involving actions much larger than the Planck 
constant In the noncommutative geometry approach 
of Connes et. al. (NCG) ||-|^, on the other hand, noncom- 
mutativity is introduced as a feature of spacetime which 
exists independently from quantum mechanics. For in- 
stance, in the noncommutative version of the standard 
model 1^, the theory is defined over a noncommutative 
spacetime, and is then quantized along conventional per- 
turbative lines. More ambitiously, the spectral triple 
formulation Q includes the gravitational field as well. 
For the gravitational field, however, conventional per- 
turbative quantization methods fail The problem 
of going from the noncommutative, but non-quantum- 
mechanical, spectral triple dynamics to the full quantum 
dynamics is thus open. 

In a quantum theory that includes gravity, the geo- 
metric structure of spacetime is to be treated quantum 
mechanically. Therefore the noncommutative geometry 
of spacetime must be reinterpreted in quantum terms. 
Thus, in a theory of the physical world based on NCG and 
including quantum mechanics, the geometry of spacetime 
should be represented by a quantization of a noncommu- 
tative geometry. 

There should therefore be two distinct sources of non- 
commutativity in the theory: the noncommutativity of 
the elements of the algebra describing spacetime and, 
separately, the noncommutativity of the quantum me- 
chanical variables. In this note, we address the problem 



of understanding what a quantization of a noncommuta- 
tive geometry might be, and what is the relation between 
geometric noncommutativity and quantum noncommuta- 
tivity. We study this problem using a simple model de- 
rived from j|] with the aim of developing structures and 
notions which, hopefully, could guide us in addressing the 
same issue in a full model including general relativity. 

In particular, we consider the spectral triple approach 
given in Q. Within this approach, a dynamical model 
is given by the spectral triple {A,H,D), where iJ is a 
Hilbert space and A is a C* algebra represented on H, 
which are fixed once and for all; while Z? is a Dirac oper- 
ator (in the sense of [Q|) in H, which codes the value of 
the dynamical fields, and in particular of the spacetime 
metric, that is, the gravitational field. Thus D is the dy- 
namical variable of the model and represents a classical 
configuration of the theory. The dynamics is then given 
by an action S[D]. To quantize the theory, we must find 
the Hilbert space K of its quantum states. A state in K 
will represent a quantum state of the noncommutative ge- 
ometry: roughly, a probabilistic quantum superpositions 
of (noncommutative) geometries. Such a state will assign 
not a number, but rather a probability distribution, to 
the observable distance d{p,p') between any two points. 
Observable quantities will be represented by operators on 
K. 

We construct the Hilbert space K and the dynamical 
operators for our simple model. From the quantum the- 
ory we obtain a concrete result: the physical distance 
between (certain) two points of the model, which in the 
classical theory can be an arbitrary nonnegative number 
d, turns out to be quantized as 
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0,1,2,3. 



(1) 



where L p (the "Planck length" ) is the length determined 
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by h and the coupling constant of the theory. Further- 
more, we show that the quantum theory can be com- 
pactly represented in terms of a novel triple {A,H,D), 
where H is the tensor product of H with the space of the 
quantum geometries K. 

There exist several attempts to explore the relation be- 
tween noncommutative geometry and quantum theory by 
studying quantum fields defined over a noncommutative 
geometry [0,1). These attempts should not be confused 
with the present work. Here we are not concerned with 
the effect of a noncommutative structure of spacetime 
over quantum fields: we are concerned with the quantum 
mechanical properties of the noncommutative geometry 
itself. 



II. PRELIMINARIES 
A. Mechanics without preferred time 

We begin by recalling a few simple points about clas- 
sical and quantum mechanics. This will fix notation and 
provide an appropriate conceptual framework. We need 
to choose a language sufficiently general to deal with the- 
ories, such as general relativity (GR), in which time evo- 
lution enters in a non-simple manner. 

A dynamical theory is defined by a set of equations, the 
equations of motion, for a set of variables, the dynamical 
variables. By dynamical variable we mean here the full 
"history" , or "motion" , of the physical system. We de- 
note the space of these variables as C, or extended config- 
uration space. For instance, the dynamics of an oscillator 
is given by the equation of motion (Px{t)/dt^ — ^ujx{t), 
where the variable is the function x : t i-^ x{t). Thus, 
in this example the extended configuration space C is 
Coo{R)- When time evolution is standard, as in this ex- 
ample, C is the space of the maps from R (the time) into 
a configuration space. However, we are interested also in 
systems in which C does not have this form. We consider 
Lagrangian systems, in which the equations of motion 
can be expressed as the vanishing of the first variation of 
a function S[x\ on C. S[x\ is the action functional. 

The solutions of the equations of motion form a sub- 
space of C. This subspace is the phase space of the sys- 
tem, and we denote it F. In the oscillator, the solutions 
of the equations of motion are x{t) — A sin(cj<+0). Thus, 
F is a two-dimensional subspace of C coordinatized by A 
and 



* In the example of the oscillator, and anytime time evo- 
lution is standard, we can represent F as a space of initial 
data. In fact, each set of initial data determines a solution 
and viceversa. To do this, we have to fix a time, say t — to- 
Define then q = x{to) and p = dx(t)/dt\t=to- The points in 
r can then be coordinatized by (p, g) instead of (yl,^). The 



A point s in F represents a physically realizable (that 
is, compatible with the classical equations of motion), 
or "onshell" , history of the system. This is a classical 
state of the system. Here, "state" is used in the same 
(atemporal) sense as "Heisenberg state" in quantum the- 
ory. An observable quantity / corresponds to a function 
/ : s G F I— > /(s) G R, where /(s) is the predicted value 
of / in the state s.[] The phase space carries a symplectic 
structure. In the example, fl = dp A dq = ljA dA A d^. 
This defines Poisson brackets between observables. If 
the system has a standard time structure, the symplectic 
structure can be determined by standard methods. The 
definition of f2 in more general cases can be problematic. 
The Poisson bracket structures of the observables is the 
starting point for their quantization. 

B. The spectral formulation of general relativity 

The model we introduce in the next section is meant to 
mimic some of the features of the spectral formulation of 
GR I^J^ . We briefiy recall this formulation. Consider eu- 
clidean GR over a fixed compact^ four dimensional man- 
ifold M . Fet Qm be the space of the riemanian metrics 
g : M X M — > i?+ over M. In the standard formulation 
of the theory, Q m is taken as the extended configuration 
space 

C = Gm- (2) 

This is the space of the (four-dimensional) gravitational 
fields. The action is then chosen to be the the well known 
Einstein-Hilbert action 



relation between the two set of coordinates on F is imme- 
diately obtained from the definitions as q = Asm{ujto + <j)) 
and p — LjAcos{ijto + 0). The {p,q) coordinatization of F is 
the one commonly introduced in textbooks. The definition 
of the phase space as the space of the solutions of the equa- 
tions of motion (known since Lagrange) has the advantages 
of being more covariant (this becomes clear in field theory), 
of not requiring the fixing of a preferred time to and of being 
extendible to the dynamical systems without standard time 
evolution that concern us here. 

^For instance, the position Xt of the oscillator at time t is 
the function xt{A, (f)) = Asin{ujt + (j>) on F. 

Euclidean GR over a compact manifold is a theory which 
is likely to admit only a finite dimensional space of solutions, 
and whose relation with physical GR is questionable. How- 
ever, the theory is, by itself, relevant as a model of diffeomor- 
phism invariant field theory of the geometry. More impor- 
tantly, the experience with conventional euclidean quantum 
field theory suggests that the quantization of the euclidean 
theory with compact time might be of great relevance for un- 
derstanding the true quantum theory even if the correspond- 
ing classical theories have extremely different properties. 
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S[9] - J < 



(3) 



The phase space T is the space of the Einstein spaces, 
namely the gravitational fields that solve the Einstein 
equations. 

The theory can be formulated also as follows. Fix the 
4d compact (spin) manifold M. Consider the spectral 
triples {A,H,D). Here A = Coo{M); the Hilbert space 
H is the (Hilbert completion of the) space of the half- 
densitized Dirac spinor fields on M. Notice that H is 
defined also in the absence of a Riemanian structure^. H 
carries a representation tt of A, where 7r(a) is the oper- 
ator that multiplies the spinor by the function a € A. 
A and H are fixed structures. We then consider the 
space 'D/A H) of all the Dirac operators D, in the sense of 
Connes [||] , namely the set of the operators D on H such 
that {A, H, D) is a spectral triple. We take the space of 
the Dirac operators as the extended configuration space 



C = V, 



{AM)- 



(4) 



Thus, a Dirac operator represents here a history of the 
gravitational field. The action is chosen to be 



(5) 



S[D] = Tr [!{D)] 



where /(•) is a suitable simple function given in 
The dynamical system defined by (0) and (m is physically 
equivalent to the one defined by (g) and (g) (see [Hj^] for 
qualifications). The reason is that given a metric g G Qm^ 
there exists a corresponding Dirac operator D{g) on H, 
defined with standard techniques. Viceversa, given an 
operator D in X'(A^jy) there is a Riemanian metric g on M 
defined hy g — where d is given by the NCG distance 
formula 

d{p,p') = sup{aeA,|[D,7r(a)]|<i} \p{a) -p'(a)|, P,p' e M, 

(6) 

which is such that D — D{g). In (||), p(a) = a{p) and 
p'{a) = a{p') are the Gel'fand states (the points of the 
space M correspond to states over the algebra Coo(Af)). 
Thus, there is a one-to-one correspondence between the 
space T^i^j^ H) of the Dirac operators and the space Qm 
of the Riemanian metrics, and we can identify the two 
spaces. Finally, it is shown in B that S[D{g)] ~ S[g] 
(again, see for qualifications)^ 

The key lesson we learn from this is that the space of 
the Dirac operators 2?(y!t.ff) can be viewed as the space C 
of the extended configurations of the gravitational field. 
Accordingly, the phase space F of the theory is the sub- 
space of I'(A,ff) where the first variation of the action 
functional S[D] vanishes. In a (nonperturbative) quanti- 
zation of GR, one chooses a coordinatization f,f',... of 



the phase space F of the theory and then searches for a 
representation of the Poisson algebra of the observables 
/, /',... in terms of self-adjoint operators on a Hilbert 
space K. If we want to explore non-perturbatively the 
quantum mechanics of a NCG model, we have thus to 
quantize a phase space F formed by the Dirac opera- 
tor obeying appropriate equations of motion. In other 
words, we have to coordinatize this space, and represent 
the coordinates as operators on the quantum state space. 
Below, we complete this procedure for a simple, finite di- 
mensional, model. 



III. DEFINITION OF THE MODEL 

We choose a finite dimensional spectral triple (A, H, D) 
(see [||). Let A be the algebra M2 ffi C, where M2 is the 
algebra of complex 2x2 matrices and C is the complex 
plane. We write a = {A, a) € A = M2 ® C . Let H be 
the Hilbert space M3, the linear space of complex 3x3 
matrices ^ with the scalar product (4',$) = T7'[5'^^<i>], 
and let A act on H in the representation tt given by 



where 



A 

a 



A Dirac operator on H |^,|[, has the form (see [g|) 
= D^- + *D^ 



where 



(7) 



(8) 



(9) 



(10) 



TOi and 7712 are complex numbers. As mentioned above, 
we view A and H as fixed structures, while D is the 
dynamical variable of the model. Since the Dirac op- 
erator (|lo| ) is determined by the two complex numbers 
mi,i = 1,2, the space ^^{jvhfBC,^) of the Dirac operators 
compatible with the given A and H, namely the space of 
the dynamical variables, is isomorphic to and coordi- 
natized by m^. Thus the extended configurations space 




C = V 



(MaeC, A/3) 



(11) 



This is the analog, in our model, of the space of the 
configurations of the gravitational field in GR 

We complete the definition of the spectral triple (see 
Q) by defining 

J* = 



1 

-1 



thank Alain Connes for clarifying this point. 



7^' EE 



(12) 
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The two involutions J ("charge conjugation") and x 
("parity") satisfy the properties needed to complete the 
definition of the spectral triple. 

The dynamics is determined by choosing an action 
S[D]^ namely a function on the space of the dynamical 
variables C. Here we disregard the "spectral principle" ^] 
which requires the action to depend on the spectrum of D 
only: we leave the extension of the present ideas to gen- 
uinely spectral invariant actions to further developments. 
The simplest possibility is to have a "free" theory with a 
quadratic action. Thus we search an action of the form 



S\D] 



i Tr[DMD], 



(13) 



where M is a 3 x 3 matrix that determines the equations 
of motion. It is easy to see that, because of the special 
form (|l^) of D, the action S[D] in ([l3| ) can be rewritten 
as 



S[D] 



rrLiMijirij 



(14) 



where M is a 2 x 2 matrix. Wc want the action to be 
real, and thus M must be hermitian. We want the theory 
to have a nontrivial space of solutions, and thus M must 
have vanishing determinant. These requirements fix M 
up to a single complex parameter a and an overall nor- 
malization G that does not affect the field equations but 
is needed to set the right physical dimensions 



1 



(15) 



(G adjusts dimensions.) We take this as the physical 
symplectic structure of the system^. Thus the basic 
Poisson brackets are 



{m, to} = iG 



(19) 



A straightforward computation shows that the sym- 
plectic form Q can be written directly in terms of the 
Dirac operator. We define by fiea; = d9, where 

^ = 1^ Tr[7i?di^] = ^ Tr [vI/^DdD] . (20) 

(The first trace is the trace of the operators on H, the 
second is the trace of the 3x3 matrices.) Then ft is the 
restriction on shell of Qex- 

The physical interpretation of D is that it determines 
the metric structure, and therefore the "gravitational 
field" , over the space of the states over A. A state p 
over A is determined by a vector '^p in H 



p[a) 



(M/p|7r(a)|vI/p) 



(21) 



In particular, consider the two vectors ^'p = ® 
and '^pi = ippi (8) ipp' , where ipp = (0,0,1) and ippi = 
-^(e*"^, 1, 0). They define the states p and p' over A. 
Their distance is given by (^ and can be explicitly com- 
puted using Eq. (2.175) of Sec 2.4.1 in §, obtaining 



d{p,p') 



1 



1 



TO2 



V2\r 



(22) 



(We write G in the denominator, following the GR use.) 
For simplicity, we further choose a to be a pure phase a = 
e*"^, although this is not really needed for what follows. 
Thus 



1 f 1 



oi0 



1 



(16) 



This completes the definition of the model. Let us now 
analyze its content. 

By extremizing the action with respect to and to^ 
we obtain the equations of motion 



TO2 — e*"^ mi. 



(17) 



the "Einstein equations" of the model. These select, out 
of all the Dirac operators, a physical phase space F of 
physical ones (in GR: the Dirac operators corresponding 
to Einstein metrics). We say that D is "on shell" if it 
satisfies the equations of motion. 

The phase space F is coordinatized just by mi. There- 
fore F is isomorphic to the complex plane C. From now 
on we will write m = toi for simplicity. The complex 
plane has a natural symplectic structure. 



IV. QUANTIZATION 

We want to promote to and to to operators to and m 
on a Hilbert space K in such a way that their algebra 
represents {ih times) the Poisson algebra (|l^) and that 
the operators SRto = 1/2 (to -I- to) and Qrh = i/2{rh — 
to), which correspond to real quantities, be self-adjoint. 
The solution is well known. The complex structure of 
F provides us with a preferred polarization: we choose 
a representation in which the wave functions depend on 
TO and are independent from fn. Vectors in K are thus 
analytic functions ■0(to) and 



TO tpijn) = TO ■(/'(to) 
d 



TO iplm) 



hG -F-V(to) 

dm 



(23) 



The scalar product that implements the desired reality 
conditions is 



(V.,V') 



1 



TThG 



dm e tp(m) ij;' (m) 



(24) 



n = ^ dm/\dm= ^ d{n{m)) /\d{^{m)). (18) 
G G 



**I thank Abhay Ashtekar for this suggestion 
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(The notation is dm = (Mi{m,)cKs{m).) A convenient or- 
thonormal basis is given by the monomials 



V. QUANTUM NONCOMMUTATIVE 
GEOMETRY 



(25) 



where we have introduced the Dirac notation \n) for the 
basis elements. In this basis m and m, 



rh \n) = VhG Vn+1 \n + 1) 
m \n) = VhG \/n \n — 1), 



(26) 



are immediately recognized as the creation and annihi- 
lation operators. In fact, equations ( p3| , p4 25) form the 
standard definition of the harmonic oscillator quantum 
mechanics in the Bargmann representation. We write 
the vectors in K as 



(27) 



namely we represent K as the Z2 space of sequences il^n ■ 
The operator corresponding to the m2 variable is re- 
lated to TOi = TO by the (Heisenberg) equations of motion 



e*"^ TOi. 



(28) 



Consider now the distance d between the two points 
p and p'. In the classical theory, this is given by (22). 
The corresponding operator d in the quantum theory is 
obtained by replacing the classical quantities rm , with 
their quantum counterparts rhi,fhi. Using (|2|), we ob- 
tain 



1 



(29) 



where TV is the operator corresponding to the classical 
quantity rrim. We encounter here an ordering ambiguity. 
We compute easily from (|26|) 



N\n) = hG {n + c) \n). 



(30) 



where we have c = if we order N as N — mrn; we have 
c = 1 with the inverse ordering N — mm; and we have 
the well known "harmonic oscillator vacuum energy" c = 
1/2 with the "natural" symmetric ordering, which we 
assume from now on. 

Thus we obtain the result that in the quantum theory 
the distance d{p,p') is quantized, with discrete eigenval- 
ues 



d{p,p) 



1 



y^{2n + l)hG V2n + 1 ' 



where 



Lp = 



(31) 



(32) 



In the classical limit in which h is small and the quantum 
number n is large, the eigenvalues of the distance become 
more and more dense and approximate the classical con- 
tinuum. 



So far we have introduced two Hilbert spaces. The 
first is the Hilbert space of the spectral triple we started 
from. This is H — M3, with vectors We write their 
components also as ip'^'', a, 6 =1,2,3. iJis the space of 
the "fermions" over the spectral triple. The second is the 
Hilbert space of the quantum theory K = I2, with vectors 
ipn,n = 0,1,2^ .. .. K is the space of the quantum geome- 
tries. That is, a vector in K can be seen as a quantum 
linear superposition of different classical geometries, or 
a quantum superposition of Dirac operators. Each such 
states assigns not a fixed value, but rather a probabil- 
ity distribution over the possible values of the geometry 
defined by D. Accordingly, in the quantum theory the 
Dirac operator (an operator on H) is promoted to an op- 
erator on or, more precisely to an object which is at 
the same time an operator on H and on K: 



D = 




(33) 



It is thus natural to consider the tensor product of H 
and K. We denote this tensor product as H. = H ® K . 
The vectors in Ti can be written as ■0°''. In this basis, 
the matrix elements of the quantized Dirac operator D 
can be computed directly from (Sq) and (p3|). They are 



j\ahra 
cd 



(34) 



Notice that this is a single operator, not a variable any- 
more (as the field operator in a quantum field theory is 
a single operator, not a variable as the classical field). 

The algebra A, as well as J and X: are still represented 
in Ti. (they act trivially on K) . Thus the quantum theory 
defines a novel triple {A, H, D) with respect to which the 
set of the initial spectral triples {A, H, D) (for all possible 
D's), can be seen as a classical limit. The representation 
of [A, J, x) in is highly reducible. Each state ip in 
namely each quantum geometry, defines a 3d subspace of 
TL carrying a irreducible faithful representation tt^. We 
call Dj, the operator with matrix elements 



(35) 



acting on this subspace. Then the expectation value of 
the distance between any two states p and p' over A, in 
the quantum geometry determined by ij: is 

d-4:{p,p') ^ sup{a(.A,\[D^,-K^(a)]\<i} \p{a) - p {a)\, (36) 

where, notice, the Dirac operator and the representation 
of the algebra are restricted to the irreducible component. 
Conversely, each irreducible representation of {A, J, x) in 
Ti determines a state in K. It is thus tempting to identify 
the quantum states of the geometry with these irreducible 
representations. We leave a more detailed analysis of the 
structure of the triple [A, H, D) for further developments. 
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VI. COMMENTS AND CONCLUSIONS 

Spectral invariance. We have disregarded gauge in- 
variance. The action we have chosen is not a spectral 
invariant: it is not a function solely of the eigenvalues 
of the Dirac operators, as is the GR spectral action (||). 
(The model we have chosen does not have enough degrees 
of freedom for accommodating gauges.) Spectral invari- 
ance is crucial in GR, as, in particular, it incorporates 
diffeomorphism invariance. The most interesting exten- 
sion to the technique considered here should therefore, 
in our opinion, consists in the incorporation of spectral 
invariance. In the case of a spectral invariant action, the 
eigenvalues A„ of the Dirac operators are natural real 
gauge invariant coordinates on C. We expect that in the 
quantum theory they be represented as self-adjoint op- 
erators A„. For GR, some information on the Poisson 
algebra of the A„ 's was obtained in . 

Zero point distance. We may attach an intuitive phys- 
ical interpretation to the "zero point distance" given by 
( pT| ) with n = 0. In the classical theory the two points p 
and p' can be at infinite distance (when m — 0). In non 
commutative geometry, this can be viewed as a "clas- 
sical" limit. In the quantum theory, on the other hand, 
there exist a maximal distance between p and p': the two 
"sheets" of the universe cannot separate in the quantum 
theory^. 

Dimensions. There are two natural possibilities of 
assigning physical dimensions to the Dirac operator in 
NCG. The traditional choice is to assign to the Dirac op- 
erator D the dimension of a mass. The second possibility 
is to assign it the dimension of an inverse length. If Z) is a 
mass, G has dimensions M/L. If D is an inverse length, 
G has dimensions \/ML^. If D has the dimension of 
a mass, we must insert the Planck constant (or another 
constant with the same dimensions) in the formula (|^) 
for the distance, in order to adjust the dimensions. For 
instance we can write 

d(p, q) = sup{aeA,\[D.^(a)]\<h} \p{a) - q{a)\. (37) 

This is not unreasonable, since in the commutative case 
the inequality is meant to fix the derivative of a to be less 
than one, but the (commutative) Dirac operator with 
dimensions of a mass is proportional to T^-g^- On the 
other hand, it is a bit disturbing to invoke the Planck 
constant in a theory before quantizing it. Equation ( |3^ ) 
yields, instead of (|3l|) 



d{p,p') = 



^{2n+l)hG V2rr+T 



(38) 



sionally correct as they are. The two ways of assigning 
dimension are obviously equivalent. We find the second 
one {D is an inverse length), which does not require us to 
insert the Planck constant in the definition of distance, 
more natural from the perspective of a gravitational the- 
ory. 

Functional quantization. An alternative approach to 
the canonical quantization method we have employed 
here is Feynman's sum over histories approach. To quan- 
tize our model a' la Feynman, we have to select a mea- 
sure on the space of the histories, namely on T) — G'^ 
and integrate the exponential of the action with a source 
term added. This defines the generating functional, from 
which the Green functions of the theory can be computed 
by derivation. In a spectral invariant theory, this should 
yield an integration over the Dirac eigenvalues A„: 



Z = j [d\n] e 



-i/hS[D] 



(39) 



Details on the possibility and the difhculties of this ap- 
proach will be given elsewhere. 

In conclusion, we have studied the quantum theory of 
an elementary dynamical noncommutative geometry. We 
can derive a few lessons from this exercise. First, a key 
object is the space of the Dirac operators com- 

patible with given A and H. This is the kinematical 
arena of a dynamical noncommutative geometry. A sec- 
ond key object is the subspace F of determined 
by the dynamical equations. An important problem is 
the determination of the symplcctic structure of F. If 
a time evolution is defined, general techniques are avail- 
able. These extend to the case in which time evolution 
is a gauge as in GR (t). In the model studied here, F 
came equipped with a natural symplectic structure. In 
the quantum theory, the matrix elements of D are opera- 
tors on a Hilbert space K. The two Hilbert spaces K and 
H combine naturally into the Hilbert space ?i, on which 
a quantum Dirac operator D is defined (see ([Ml)). The 
quantum states of the geometry are given by irreducible 
representations of the algebra in H. The distance be- 
tween two physical points (states over the algebra) which 
can take any nonnegative real value in the classical non- 
commutative geometry is quantized in the quantum the- 
ory, with a spectrum given in (|l|). The step from the 
simple model considered to a full theory including GR 
is obviously enormous. The results described form just 
an exploration of the structures involved in quantizing a 
non-commutative-geometry. Hopefully, these structures 
can be relevant in the quantization of more complete non- 
commutative models as well. 



where (jS^) is replaced by Lp = 
inverse length, all the equations in the text are dimen 



^. If, instead, D is an 
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